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BOURGIN-YANG TYPE THEOREM AND ITS APPLICATION
TO Z;-EQUIVARIANT HAMILTONIAN SYSTEMS

MAREK IZYDOREK

ABSTRACT. We will be concerned with the existence of multiple periodic so-
lutions of asymptotically linear Hamiltonian systems with the presence of Z>—
action. To that purpose we prove a new version of the Bourgin—Yang theorem.
Using the notion of the crossing number we also introduce a new definition of
the Morse index for indefinite functionals.

1. INTRODUCTION

Let E be a separable Hilbert space and ¢ : F — R a continuously differentiable
functional which is of the form ®(z) = 3 - (Lz,2) + ¢(z), where L : E — E is
a selfadjoint operator with dim kerL < oo and such that 0 is isolated in o(L).
Suppose that ® is even and assume additionally that the gradient V& : E — FE is
asymptotically linear, i.e. V& satisfies the following limit conditions:

(1.1) V&(z) = Ioz +o(|[z]) as|z]| =0,

(1.2) V&(z) = Inoz +o(||2]])  as [|z]| — oo,

where Iy, I, : E — E are selfadjoint linear operators which differ from L by
compact linear maps. In fact, we have a slightly weaker assumption than (1.2) (see
condition c5. in §3).

Our first aim is to obtain multiplicity results concerning the number of pairs of
critical points of an even functional ®. More precisely, we give estimates from below
for the number of critical points of ® in terms of a Morse type index defined for a pair
(Ip, I). Clearly, the operator Iy is the derivative of V®(z) at the origin whereas
I can be regarded as a “derivative” of V®(z) at infinity. Since both operators
Iy and I, are compact perturbations of L, it follows that kerly and kerl, are of
finite dimension. On the other hand, the eigenspaces of Iy and I, corresponding to
positive and negative parts of the spectra o(lp) and o(I ) are infinite dimensional.
In this case @ is called a strongly indefinite functional. The existence of critical
points for strongly indefinite functionals together with applications to differential
equations has been studied by many authors. Results obtained by Amann and
Zehnder in [AZ1], [AZ2] seem to be the crucial step in such investigations. Morse
theory in Hilbert spaces is thoroughly discussed in Chang [Ch] or Mawhin and
Willem [MW]. Based on the Conley index (cf. [C]), a different approach to this
theory has been developed by Benci (cf. [B1], [B2]).
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In this paper a new definition of the Morse index is presented. The idea is based
on the observation that generically the spectral flow crosses the zero level finitely
many times while we are moving along a path of compact and linear perturbations
of L. Moreover, this crossing number depends only on the endpoints of the path.
We do not require that Iy be an isomorphism, so the origin can be a degenerate
critical point for ®. It turns out that one can also relax the assumption on I, to
be an isomorphism when the symmetry condition is involved. This means that we
consider the problem with resonance at infinity.

Although we use standard methods of estimating the number of critical values of
® based on the notion of Zz-genus (cf. [R]), the approach presented here demands
application of an infinite dimensional version of the Bourgin-Yang theorem (see
Thm. 2.2 and cf. [Y]). This is a new topological result which generalizes that
obtained by Granas in [G].

Our next purpose is to apply abstract results of Section 5 to problems of esti-
mating of the number of periodic solutions of nonautonomous Hamiltonian systems

(1.3) i = JVH(z,t)

with the presence of symmetry. Our symmetry assumption means that VH (—z,t) =
—VH(z,t) for every z € FE and t € R. Problems of that type have been considered
by Amann and Zehnder [AZ2], Benci [B3], Clark [C1], Ambrosetti and Rabinowitz
[AR] , Long [L1], Chang (cf. [Ch] and references there). We suppose that system
(1.3) is asymptotically linear (see Def. 6.1) and, using the notions of the L-index
and the L-nullity introduced in Section 4 (see Def. 4.1) we give a definition of
positive and negative indices and the nullity for (1.3) (see Def. 6.1).

Such numbers defined for a pair of symmetric (time independent) matrices have
been considered by Amann and Zehnder in [AZ1], [AZ2]. Also Ekeland introduced
the index of a positive definite matrix (cf. [E]), and later Li and Liu in [LL] defined
the index and the nullity for an arbitrary symmetric matix. All those numbers
are related to each other which is seen directly from their definitions. One should
also mention the Maslov index theory introduced by Conley and Zehnder in [CZ]
in order to obtain the existence of more than one nontrivial solution of (1.3). This
theory was later extended by Long and Zehnder [LZ] and Long [L2] so that the
index is well defined for a “degenerate” periodic solution. Nevertheless, as long as
we consider an asymptotically linear Hamiltonian system with H € C'(R?*N x R, R)
the (generalized) Maslov index is defined at the origin and at infinity only. It follows
from results of Long [L2] that this is the case when this invariant carries the same
information as the indices mentioned above (if defined) and the one introduced in
this paper.

The results we obtain here for Zos—Hamiltonian systems improve those of Amann
and Zehnder [AZ2], Benci [B3] and Long [L1]. All these authors require that the
Hamiltonian H be twice continuously differentiable with bounded Hessian. This is
because they use generalized Morse theory (cf. [C]) only after reducing the problem
to a finite dimensional one. We will always assume that H is of class C'. In the
case considered here the linear part of VH(z,t) at the origin and at infinity depends
on time, which (except for [L1]) was not allowed by the authors mentioned above.
Moreover, our assumption on the behavior of VH(z,t) at infinity is weaker than
usual (see Def. 6.1). In the recent paper by Fei [F1] it is also assumed that H € C*
and that the linear part of VH(z,t) depends on ¢. Using the notion of the Maslov
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index and an abstract theorem due to Benci (see Thm. 0.1. in [B3]), a multiplicity
result for periodic solutions of (1.3) is established. In particular, Thm. 3.1 in [F1]
is obtained here as Cor. 6.1, but other theorems are proved under assumptions
which are different from ours. Actually, our approach is completely different from
all those of the papers mentioned above. We work directly in infinite dimensional
spaces and use rather geometrical arguments. Methods used to prove basic results
of this paper are classical, finite dimensional ones adopted only in the natural way
to our infinite dimensional situation.

It is worth pointing out that our approach can be also applied in the case when
the symmetry condition is dropped. We will briefly discuss this problem in Sec-
tion 7.

2. BOURGIN-YANG TYPE THEOREMS

Throughout this paper each map is supposed to be continuous. Let E be a
Banach space. Consider a map T : S — Aut(F) from a unit sphere in E into the
space of bounded automorphisms of E which is even and such that its image is
relatively compact in Aut(E). For convenience we will denote the image of T at x
by T,. Our first aim is to prove the following.

Theorem 2.1. Let f : S — E>®~1 be a map of a unit sphere in a Banach space E
into a closed subspace of E of codimension 1 which is of the form

f(z) = Te(z) + K(2),
where K : S — E is compact. If [ is an odd map, then f has a zero.

Proof. The map f can be written in the form
f(z) =Tz + F(x)),

where F : S — E is defined by F(z) = T, 'K (z). Clearly, F is compact and for all
x € S one has F(—z) = —F(z) . If a map h(xz) = x + F(z) has a zero, then also
f has one, and our proof is finished. Let us assume that h(S) C E \ {0}. Since h
is a compact perturbation of the identity, the Leray—Schauder degree of h, denoted
by degrsh, is well defined. Moreover the condition h(—z) = —h(z) for all x € S
implies that degypsh is odd, which means in particular that it is different from zero.

The Banach space E can be represented as a direct sum of the space E*~1 and
a 1-dimensional space E;, E = E¥~! @ E;. Let us choose an element w € E; such
that |w|| = 1 and define a new map Y : S — E by the formula

Y(z) =T, (w).
One checks immediately that Y is an even and compact map. Now we need the
following fact.
Lemma 2.1. There exist xg € S and tg > 0 such that
xo + F(xo) =to - Y(x0)-

Proof of Lemma. Assume on the contrary that for every x € S and every positive
t € R one has
x+ F(z)—t-Y(z) #0.
Set ¢ = inf{||Y (z)||;x € S} and notice that ¢ is a positive number. Choosing t = ¢
so large that
to - ¢ > sup{[|F(z)[| + ;2 € S},
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one can define a homotopy Hi(z,s) = = + (1 — s) - F(x) — to - Y(x) joining
x4+ F(x) —to-Y(x) with z — to - Y (x) and such that Hq(z,s) # 0 for all z € S and
s € [0, 1]. By our assumptions we have also another homotopy Hs : Sx I — E\ {0},
Hy(z,8) =x+ F(x) —s-ty- Y (x), joining x + F(x) with = + F(z) — to - Y (z), and
therefore we see that + F'(x) and x — - Y (x) are homotopic as maps of the sphere
S into E'\ {0}. By the homotopy invariance property of the Leray—Schauder degree
we conclude that degrs(x —to - Y(x)) # 0.

On the other hand, one can extend the map P(z) = 2—to-Y () to a map P from
a closed unit ball B(0,1) C E centered at the origin into £ \ {0} in the following
way.

Since the closure Y (S) of Y'(S) is compact in E\ {0}, there exists a half line, say

l={rxeE;x=t-eyt>0,]eo =1}, such that INY(S) = 0. Define a function

v:E\{0} — R by
B 1 if x| > to- ¢,
V= e i 0 < e <t c,

and a map Z : B(0,1) — E\ {0}

[ = lzl)-eo —to- [zl - Y (5Ep) if @ #0,
Z(x)—{ €o if =0,

which is compact. Then the map Z : B(0,1) — E \ {0} defined by Z(z) =
v(Z(x)) - Z(x) is compact and such that || Z(z)|| > to-c¢ > 1.

Finally, a map P : B(0,1) — E \ {0} given by the formula P(z) = z + Z(z) is
an extension of the map P of the form “identity — compact”, and this implies that
degrsP = 0 which is a contradiction. (|

By our lemma we have therefore that x¢ + F(xg) = to - Y (20) for some g € S,
to > 0, and

f(x0) = Tio(x0 — F(20)) = Tiro (to - Y(20)) = to - Tuy (Y (w0)) = to - w

does not belong to F>*~!. This contradicts our assumption. O

Now, let H be a Hilbert space and let L : H — H be a selfadjoint bounded
endomorphism. Suppose that v : § — R is a bounded, continuous function defined
on a unit sphere in H. The following fact is a consequence of Theorem 2.1.

Corollary 2.1. If f: S — H*~! is a map from a unit sphere in H into a closed
subspace of H of codimension 1 which is of the form

f(z) =e"DEg + K(x),
where K is compact, then f(xo) = f(—x0) for some xo € S.
Proof. Let us define an odd map ¢ : § — H*~! by putting
glx) = f(z) = f(=2) = (" + "Iz 4 K (2) — K ().

Since L is a selfadjoint operator, an isomorphism e*’, s € R, is positive definite;
therefore the map T : S — Aut(H), T(zx) = e’®L 4 (=o)L s well defined.
Clearly, T is an even and compact map. By Theorem 2.1 the map g has a zero,
which means that f(zo) = f(—zo) for some xy € S. O

In particular, if f is an odd map, which does not necessarily mean that v has to
be even and K is odd, we have f(xg) = 0 for some z( € S.
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Corollary 2.1 is a type of an infinite dimensional version of the Borsuk—Ulam
theorem. Let us recall that for any paracompact space X equipped with a free
action of Z5 one can define the Zo—genus v(X ), which is the smallest natural number
k such that there is an odd map e : X — RF\ {0}. If no such map exists for any
k we say that v(X) = +oo. For simplicity we will write the genus instead of the
Zo—genus. Theorem 2.1 can be generalized in the following way.

Theorem 2.2. Let f: S — E7F be a map of a unit sphere in a Banach space E
into a closed subspace of E of codimension k which is of the form

f(x) = Tu(x) + K(2),
where T and K are as in Theorem 2.1. Assume that f is odd and denote by Ay the
set of zeroes of f. Then:

1. Ay is compact and symmetric with respect to the origin in E.
2. The genus v(Ay) of Ay is at least k.

Proof. One can easily show that f is a proper map, which means by definition that
the inverse image f~!(C) of any compact set C C E is compact. Thus Ay = f~1(0)
is compact. It is also symmetric, because f is odd.

Assume that the genus v(As) < k, which means that there exists an odd map
g: Ay — RF1\ {0}. One can extend this map to a bounded and odd map
g:S — RF1. Consider a map h : S — E®% @ RF"1 =~ E>~! defined by the
formula

h(z) = f(z) + g(z) = To(z) + K(z) + g(x)
which is odd and satisfies all the assumptions of Theorem 2.1. Thus there exists
xo € S such that h(zg) = 0. As a consequence of the last equality we obtain that
f(zo) = 0 and g(zp) = 0, which is impossible since f(z¢) = 0 implies zy € Ay, and
this in turn implies that g(z¢) # 0. Our proof is finished. O

As an immediate consequence of Theorem 2.2 we can formulate an infinite di-
mensional version of Bourgin—Yang theorem as follows.

Corollary 2.2. If f : S — H>®"F is a map from a unit sphere in H into a closed
subspace of H of codimension k which is of the form
fla) =" la 4 K(x),
where K is a compact map, then the genus of the set
Ar=1{z €S f()=f(-2)}

is greater than or equal to k.

3. PSEUDO-GRADIENT VECTOR FIELDS

In this section we will suppose that H is a Hilbert space and L : H — H is a
bounded linear selfadjoint operator such that either 0 is an isolated point in the
spectrum o(L) or 0 ¢ o(L). We also assume that dim kerL < oco. Consider a
C'-functional ® : H — R of the form

1
B(2) = 5 - (L7, 2) +6(2)
satisfying the following conditions:

cl. $(0)=0;
c2. Vv is completely continuous ;
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¢3. V() = Boz + o2}, = —
c4. Vi(z) = Booz + 0(||2]|), 2 — o0.

Here By and B, are selfadjoint compact operators.
Definition 3.1. Given a function ¥ € C'(H,R), we say that a vector field
P: H — H is a pseudo—gradient vector field for ¥ provided that:

e P is locally Lipschitz continuous at least on the set H \ V¥ ~1(0);

e there are two positive numbers v > 7 such that for all z € H one has

[Pzl <v-[[VE(2)l| and (Pz, V¥(2)) >7-[|VE(2)|.

In particular we have from the definition that the sets of zeroes of V¥ and P
coincide. Let us denote A = {z € H; V®(z) # 0}. In our considerations we will
need the following two lemmas.

Lemma 3.1. Assume that L + By and L + By are isomorphisms. Then there is
a pseudo-gradient vector field for ®

Pz=Lz+Cz
such that

1. C: H — H is completely continuous,
2. there exists a number oo > 0 such that Pz = (L + By)z if ||z| < a,
3. there exists a number 8 > 0 such that Pz = (L + Boo)z if ||2]| > 5.

If we suppose additionally that ¢ is even, then P can be made odd.

Proof. We apply the method presented in [R] (Appendix A). Put p(z) = Vii(z) —
Bz and choose a > 0 and § > 3« such that

do )
(3.1) eI < = - ll=ll i 2] < 20
and
doo .
(32) I99(2) = Boozll < 2|12l it 2] 2 5 - a

where dg = dist(0,0(L + By)) and doo = dist(0,0(L 4+ Bw)).-
Foreveryze W ={z€ A ; 2a < |z|]| < B—a} there is an open neighbourhood
N, in H such that the inequalities

[(L+ Bo)y + p(z)[| <2-[[Ve(y)|
and
((L+ Bo)y + p(2), VO(y)) > % [Vo(y)?

are satisfied for all y € N,. With no loss of generality we can assume that
diam(N,) < « for all z € W. The family N' = {N, : z € W} is an open cov-
ering of W. By Stone’s theorem A has a locally finite refinement {A/;}. Define a
new family

M = {M;} U{Mo = {z € H;||z[| < 20}} U{Ms = {z € H;|[2]| > 5 — a}}

which is a locally finite covering of AU {0}. If 7;(2) is a distance of z from the
complement of M;, then 7, is a Lipschitz function and 7,(z) = 0 for 2 ¢ M;.
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Put v;(2) =7,(2)/ >2;7:(2), then 7;(z) is a partition of unity associated with the
covering M. Each M; (j # 0, 00) is included in some N,. Define P : AU{0} — H
by the formula

Pz=Lz+Cz=Lz+ Byoz + Yoo(2) - (Boo — Bo)z + Z v, (2) - p(z5).
J#0,00

It follows from the construction that P is locally Lipschitz continuous and that
conditions 2 and & are satisfied. By Mazur’s theorem (cf. [DG]) which says that
a convex hull of a compact set in a Banach space is compact, we find that C' is
completely continuous.

Our next step is to show that there are two constants 0 < 1 < v such that

(3.3) [Pz|| <v-[[VO(2)]
and
(3.4) (Pz,V®(2)) = n-[|VE(2)|?

for all z € AU{0}. In order to do this we will consider three cases.

Case 1. Assume that z € Bayy, — |J 40 M;. From the construction we have Pz =
(L 4 Bp)z. Note that
do

2Nl < =5 - ll=ll < do - [Iz]] < [I(L + Bo)zll;

thus the inequality
2-[[Ve(2)|| = 2 [[(L + Bo)zll =2 [|p(z)]
implies
[Pz]l = [I(L + Bo)zll < 2- [[Ve(z)],
and therefore we can put v = 2. Using the definition of V® we see that
(3.5) (L + Bo)z, VO(2)) = [[VE(2)[ = (p(2), VO(2)).
It follows from the inequality
do
V@) 2 [I(L + Bo)zll = llo()ll = do - |zl = = - llzll = 2 - [|p(2)]]
that )
I - IVl < 5 - V().

Applying the above and Schwarz’s inequality to (3.5), we obtain

— 1
(P2, V®(2)) = (L + Bo)z, VO(2)) = 5 - [ V()|
thus 77 can be taken to be %

Case 2. Assume that z € ;9 ., M; N{z € H;||z|| < B — a}. Since the covering
M is locally finite, z € M only for a finite members of M, say M;,,...,M;,. By
our construction we have

(L + Bo)z + p(z;,)[ < 2-[[VE(2)]|
and
((L+ Bo)z + p(z,), VO(2)) > % - [Va(2)|?
fori=1,...,t
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Therefore

1Pz = [[(L+ Bo)z+ Y 75 (2)o(z)]
=1

<| Z”m (2)((L + Bo)z + p(z)ll + [[70(2) - (L + Bo)=||
< 7 @I+ Bo)z + p(z,)ll +70(2) - (L + Bo)z|
=1

<D i(z) 2 [Ve(2)| =2+ [ Ve(2).
=0

Thus we can put v = 2. Analogously

(P2,V®(2)) = (L+ Bo)z + Y75 (2) - p(2;,), V&(2))

=1

= Z% (2) - {(L + Bo)z + p(z5;), VO(2)) +70(2) - (L + Bo)z, V&(2))

> 5 S0 VeGP = 5 - Ve ()P,

DN | =
-

= o

=

and 7 can be chosen to be 3.

Case 3. If ||z]| > B — «, then using inequality (3.2) one can proceed the same way
as in Case 1 to obtain appropriate inequalities.

Now, P can be uniquely extended by zero to the map P : H — H, and obviously
inequalities (3.3) and (3.4) hold for each z € H when P is replaced by P.

If ¢(z) is an even map, then the gradient vector field V®(z) is odd. Thus,
choosing a symmetric partition of unity we obtain a pseudo-gradient vector field
which is odd. O

It may happen that both operators L + By and L + B, are not isomorphisms.
In this case we have ker(L + By) < oo and ker(L + By) < oo. We also know
that ¢m(L + By) and im(L 4+ By,) are invariant subspaces of L + By and L + B
respectively, since both operators are selfadjoint and moreover Iy = (L+B0)|imz+B,
as well as Ic = (L + Boo)jimr+B., are linear isomorphisms. Let us replace the
condition c4. by a weaker one:

c5.: Vi(z) = Booz+7(2), where By, is a selfadjoint compact operator, ||7(z)]| <

g ||z|| + ¢ for all z € H and ¢ is sufficiently small.
The above lemma can be slightly generalized in the following way.

Lemma 3.2. Suppose that ¢ < - dist(0,0(Ix)). Then there is a pseudo—gradient
vector field for ®
Pz=Lz+Cx
such that
1. C: H — H is completely continuous,
2. there is a number a > 0 such that Pz = (L + By)z if z € im(L + By) and
12l < e,
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3. there is a number 8 > 0 such that Pz = (L + Boo)z if 2 € im(L + Boo) and
121l > 8.

If we suppose additionally that v is an even map, then P can be made odd.

Although there are some parts of proof which demand more delicate construc-
tions as well as more careful estimations, the idea is basically the same as in the
proof of Lemma 3.1, and therefore we will not go into detail.

Remark 3.1. One can actually prove that there are a number 3 > 0, a pseudo—
gradient vector field P for ® and a neighborhood U of the set {z € im(L + Boo);
lz]] > B} such that Pz = (L 4+ Bu)z for all z € U and U is “cone-shaped”, i.e.

(3.6) zeU=t-ze€U forall t>0.

‘We make use of this remark in Section 5.

4. THE L-INDEX OF A COMPACT SELFADJOINT OPERATOR

Throughout this section we will assume that H = @,., Hy is a separable
Hilbert space. Subspaces Hj are supposed to be mutually orthogonal and of fi-
nite dimension. Let L : H — H be a bounded linear selfadjoint operator with a
pointed spectrum o (L) such that kerL = Hy and L(Hy) = Hjy for & > 0. Let
{L:} ={(L+B): H— H; t€0,1]} be a continuous family of linear maps, where
B; : H — H is compact and selfadjoint for all ¢ € [0,1]. Roughly speaking, we
would like to know how many eigenvalues change their sign while we are “moving”
along the path {L;}. The precise meaning of this statement is given in Definition
(4.1). We begin our considerations with the following.

Proposition 4.1. There are a finite dimensional subspace 1% of H and a number
h > 0 such that the inequality

(4.1) ILe(2)] > - =
is satisfied for all z € V* and t € [0, 1].

Proof. Let V; denote the kernel of the operator L;. If ¢; = dist(0,0(L:)\{0}), then
|L:(2)|| > et ||2]| whenever z € V;-. Since {L;} is a continuous family of operators,
there is an open neighbourhood Oy of t in [0, 1] such that || Ls(2)|| > 3¢ - [|z]| for
all z € V;* and s € O;. Since the family {O¢}+€j0,1) is an open covering of the
unit interval, one can choose a finite subcovering of [0, 1], say {Oy,, ..., O, }. Let us
define V= span{ve V;, ; i=1,...,r} and h = mm{% ey, 5 1=1,...,r}. Tt is then
casily seen that the inequality (4.1) holds for all z € VL and ¢ € [0, 1]. |
Put
V=VyaVieV, h=min{h1}
and
b=max{||L¢| +1;0 <t < 1}.

Let P, : H — H be an orthogonal projection onto a subspace W = @Z:o H;..
Choose n € N so large that

(4.2) |B; — PaB.Py| < % for all t € [0, 1]
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and

h
: (2) = 2] < —— - :
(4.3) 1Pn(2) = 2l < 5= - ll2ll for z € V.

Consider a family of selfadjoint operators {L}"} = {(L+P,BiPp)jw : W — W; t €
[0,1]}. We are interested in a change of spectra of operators {L}V} when ¢ runs
from 0 to 1.

Lemma 4.1. If j =0 or 1 and X is an eigenvalue of L}’V, then either | X |< % - h
or | A|> % - h. Moreover L}/V has exactly dim kerL; eigenvalues A (counted with
multiplicity) satisfying | A | < %

Proof. We prove our lemma for j = 0. Consider a restriction of P, to the space
V', which by inequality (4.3) is a monomorphism. In particular, dim kerLo, =
dimP,(kerLg). Let z € kerLo and y = P,(z); then by (4.2) we obtain

h
(L + PuBoPo)zl| < 7 - [I2ll

and by (4.3)

h h
< oL+ PaBolull - llzll < 5 - lI=1l-

—12-0b
Therefore
L' W) < (L + PaBoPp)y — (L + PuBoPy)z| + [(L + PoBoPy)z||
h
< 2ol

By our assumptions it is clear that ||z|| < 2-]|y||. Thus

h
126" @)l < 3 - Nl

Suppose now that y € P, (kerLo)* NW. Let P = Id — P , where P: H — H is
the orthogonal projection onto kerLg. Since for every v € kerLgy one has

|,y [ =1 (v ="Pa),y) [ < [lo=Pu()l-[lyl,
it follows by (4.3) that [Py < <5 -|lyll . The last inequality implies that

[Pyl| > 4% - ||ly|l, and therefore, by our assumptions on h, we obtain ||Lo(Py)|| >

he|P@) = 130 [lyll. Since |Low)]l = [Lo(Py)ll = 135 - [ly]l, we conclude by
(4.2) that

V

ILs" W = 1ol = (Lo — Lg)yll

11 10
—h-lyll = | Lo — LY - > —h- |yl
B lyll =1 Lo — Lo || - Iyl = B [l

Y

We have proved that the space W can be presented as a direct sum of two
eigenspaces of LY, W = Wy @ Wy, such that dimW; = dim kerLg and ||L{ (2)] <
th-||z| for z € Wy and ||L{V (2)|| = 3k - ||z]| for z € W5. (We do not need them to
be explicitly determined.) This completes our proof. O

Let e7,€9 and e be the numbers of eigenvalues of L} which are not greater
than —2 - h , which have modulus not greater than % - h and which are not less than

2. h, where j =0, 1.
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Definition 4.1. The number i} (By, B1) = e; — €7 (resp. i} (Bo, B1) = el —e7)
is called the negative (resp. positive) L-index of a pair (Bg, B1). The number
i9 (Bo, B1) = e§ + €Y is called the L-nullity of a pair (Bo, By).

If By is trivial then we simply write i, (B1) instead of ¢} (0, By) and call this
number the L-index of B;. Similarily we define i} (B;). The number % (Bj) is by
definition equal to dim ker(L + By).

One can show that the definition of L—indices does not depend on the choice of
P, as long as the inequalities (4.2) and (4.3) are satisfied. Let {L;} = {(L + Bj) :
H — H ; t € [0,1]} be another family of operators such that By = B{ and
B, = Bj. If P, is an appropriate projection chosen for {L}}, then Py : H — H with
k = max{m,n} works for both families {L;} and {L}}. From this we conclude that
in fact our definition is independent of the choice of the family {L;} and depends
only on its endpoints Ly and L;. The basic properties of the L-index are listed in
the following.

Proposition 4.2. If By, B1,B> : H — H are selfadjoint and compact operators,
then:

a.
(44) iZ(Bo,Bl) +iZ(Bl,Bg) - iZ(BQ,Bg);

b. i (By, B1) = —i; (B1, Bo), and in particular i (Bo, B1) =iy (B1) — i1 (Bo);

c. iy (Bo,B1) + i%(Bo, B1) + i} (Bo,B1) = 2 - dim kerLy, and in particular
i7 (Bo, B1) + 19 (Bo, B1) + i} (Bo, B1) = 0 if Ly is an isomorphism;

d. if L+ By is an isomorphism, then i} (Bo, B1) = iy (Bg, B1) for any selfadjoint
and compact operator Bl which is sufficiently close to By;

e. ZZ-‘,—BO(Bl’B?) = iZ(BQ + By, By + Bg),

All the properties follow immediately from Def. 4.1, and therefore we skip the
proof.

5. SOME ABSTRACT THEOREMS

In this section we consider a C'—functional ® : H — R of the form
1
2(2) = 5 - (L2, 2) 4 6(2)

satisfying conditions c1., c2., ¢3. and c5. from Section 3. We will also keep all the
assumptions on the Hilbert space H and the operator L : H — H as in the previous
section. Put dy = dist(0,0(L + Byp) \ {0}) and do, = dist(0,0(L + Bs) \ {0}).

Suppose, first, that the eigenspace F* of L + By, = L, corresponding to the
positive part of the spectrum o(L+ B) is a closed subspace of the space H which
in turn is the eigenspace of L + By = L corresponding to the positive part of the
spectrum o (L + By).

Our first theorem is as follows.

Theorem 5.1. Let ® be an even functional satisfying the above conditions. As-
sume additionally that L + Bss is an isomorphism and that the codimension of FT
in HT is equal to f < 4+o00. Then, ® has at least f pairs of nonzero critical points.

Proof. By Lemma 3.2 there is an odd pseudo—gradient vector field P for ® which
is linear in the space imLg if ||z|| < o and in imLs = H if ||z|| > (. Let F~ be
the eigenspace of L., corresponding to the negative part of the spectrum o (L),
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and let F' be the orthogonal complement of F'T in HT. The subspaces F* and F'~
are mutually orthogonal in H, and H = F* & F~. Denote by Ds(V) (resp. Ss(V))
a closed disc (resp. sphere) centered at the origin with radius s in a normed space
V and consider the Cartesian product of two discs

M = Dy, (F7) x Dg,(F~),
where 81 > 3 and the radius (2 (> () is chosen so large that the quadratic form
(L + Bx)z, ) is negative for all z € Dg, (FT) x Sg,(F™).
Put
D= {Z € SQ(H+) ; 3t >0, n(tvz) € Sﬁl(F+) X D52(F_)}a
where 7 is a flow defined by Cauchy’s problem

{ (d—’l = P(n),
1

dt
0,z) = =z

By continuity of n we see that D is an open subset of S, (H ™), and therefore its
complement K = S,(H™)\ D is closed.

Lemma 5.1. The Zy—genus of K, v(K), is greater than or equal to f.

Proof of Lemma. Obviously, K C H' is symmetric with respect to the origin in
H. Assume, on the contrary, that there exists an odd map 6 : K — S(R/~1). Then
§ can be extended to an odd and bounded map [ : S, (H') — R/ 7L,

On the other hand we have a Zo—map hy : D — Sg, (F+) x Dg,(F~) given by
the formula

hi(z) = e Fz 4 U (v(2), 2)

such that:

e v: D — Ris “the first stricking time” function, and thus it is even ;

e Uy :D — H is odd and Ui (a,-) is compact for all a € R
(cf. e.g. [S]). Observe that if my+ : H — H is an orthogonal projection onto H
then a map hy : D — Sg, (F*) X F, hy = wy+ o hy, is still of the form

e’y L Uy (v(2), 2)

where Uy : D — H has the same properties as listed above for U;.

The set C = [~1(0) is a subset of D that is nonempty, closed and symmetric with
respect to the origin. We show that the map vjc : C' — R is bounded. Assume,
on the contrary, that there is a sequence (zy,)nen C C such that (v(z,))nen tends
monotonically to infinity. If (z,) includes a converging subsequence (zy, ) hoop 20,
then zp € C and v(z9) < +oo. From the continuity of the flow we obtain that
(v(2n, ))ken is bounded. Assume, then, that there is no converging subsequence
included in (z,). With no loss of generality we may suppose that

Jp>0 VYn,meE N ||zn — zm| > p.

Let ¢ = inf{||[Lz| ; z € H",|z|| = 1} = min{z € R; = € o(Ljy+)} . Since
L: Ht — HT is a selfadjoint and positive isomorphism, we have for all z € HT
and a > 0

leE2]| > (1+a2c)? -],
Choose a € R such that
(1+a*P)? - p>2 (24537 +1.
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There is ng € N such that for all n > ng we have v(z,) > a. Since v is “the first
sticking time” function, we see that

Vn>ng [e/Cn0lz, — Us(U(zng), za)|| < (67 + 52)%.

Since the map Usz(v(zn,),:) is compact we may suppose that the sequence
(Uz(v(2ny ), 2n) converges and that lim, oo U2(V(2ng )s 2n) = Yn,- For all n > ny let
the following inequality be satisfied:

N~

U2 (¥(2n0)s 2n) = Yol <
Then, for m,n > max{ng,n1} we obtain
2- (B4 0T +1< [tz —erlnally, |
< etz — Us(v(2no), 20) |
H 020 (2 ), 20) = Yno) |l + [1Ymo — U (¥(2ny ), 2m) |
| U2(U(2ng), 2m) — 7oz || < 20 (7 + 83)% +1,

which is a contradiction. Thus the map Us : C — HT defined by Us(z) =
Us(v(z),z) is compact. Denote by p an even and bounded extension of v to
S, (HT). Let Uz be an extension of Us to an odd and compact map from S, (H ™)
to H*. Such an extension does exist due to results by Dugundji (cf. [G]) and
Mazur (cf. [DG]). Now, one can define a map hg : So(H') — HT |

hs(z) = ez 4 Us(2).

If 7 : HY — HT is the orthogonal projection onto F, then one can consider a
map h: S(HT) — F* |

h(z) = h3(z) — 7F © ha(z),
and finally define a map g : So(H*) — F* ® R/~1 ~ (H*)>~! by the formula
9(2) = h(z) +1(z)

which obviously is odd and satisfies all the assumptions of Corollary 2.1. Thus,
there exists zg € So(H™T) such that g(zg) = 0. This is equivalent to the fact that
h(z0) = 0 and I(z9) = 0. It follows from the last equality that zo € C' and therefore
h(zo) € S, (F't) (h(z0) # 0), which is a contradiction. O

It is clear that under our assumptions the functional ® satisfies the Palais—Smale
condition. Let £ be a family of sets in H \ {0} which are closed in H and symmetric
with respect to the origin.

For 1 < j < f define

v ={A€& Vt>0n(t, A C M&y(A) > j}.

This family of sets possesses the following properties:

Loy #0, 1<j<f;

2. D7 D...DvF;

3.if Aec~sand B € Uj v and ¢ : A — B is an odd and continuous map then
B € vs;

4. if A€ ~; and B € € with v(B) < s < j, then A\ B € ;_,.
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Indeed, 1. is a consequence of the above lemma, 2. is trivial, and 3. and 4.
follow immediately from basic properties of the genus. If

¢; = sup inf ®(z), 1<j<f,
Aeny, 2€A

then —oco < ¢y < ... < g <1 < +00.

Lemma 5.2. Ifci=..=cjyp=cand Kc ={z € M; ®(2)=c and V(z)=
0}, then v(K¢) > p+1. In particular, c¢; defined as above is indeed a critical value
of ®.

Proof of Lemma. Suppose that v(K¢) < p. By the Palais—-Smale condition K¢ C
intM is compact, and that is why there exists a positive number ¢ such that the
set
Kc={z€M; |z—Kc| <4}

has the following properties:

° I?C eé&;

o y(Ke) =7(Ke) <p.

Take O = intf?c and € > 0 such that c is the only critical value of @y, in
[c —E,c+E]. Define A, = {2z € H; ®(z)> s}. Thereis an € € (0,%) such that

VzE€ A e N M\ OF, >0 with n(t,,2) € Acye UIM.

Choose t, to be “the first striking time”; then v: A._. "M\ O — R, v(z) =t., is
continuous, and the map ¢(-) = n(v(-), ) : Ae—e "M\ O — Acye UIM is odd.

Now, take A € ;4p, such that inf{®(z); z € A} > c—e. By 4., y(A\ Ko) > 7,
and obviously A \ Kc € ;. Therefore the image ¢(A \ I?c) € v; and

c>inf{®(z); z€¢(A\Kc)}=c+e

(notice that ¢(A\ K¢) C M ), which is a contradiction.
The thesis of Theorem 5.1 is a direct consequence of the above lemma and our
proof is complete. O

Remark. Following the lines of the proof of Lemma 5.1, one can actually prove that
the genus of y(K) is 400 provided F is an infinite dimensional subspace of H™.

Theorem 5.2. Suppose that ® is even and that the number € from condition c5.
satisfies € < doo. Assume that the L-nullity i% (Bs) = 0 and that

m = max{iy (Bo, Beo), i} (Bo, Boo)} > 0.
Then ® possesses at least m pairs of nonzero critical points.

Proof. Since Lemma 3.2 cannot be directly applied to the functional ®, we have to
begin with some modifications. Choose ay > 0 so large that |7(2)] <
(L + Boo)(2)]| for ||z|| > ao. Then, by Lemma 7.9 in [S] there exist az > a1 > ag
and £ € C*°(R, [0,1]) such that

1 ifs<a,
5(8)_{ 0 if s> as,
and the functional

(z) = L

(L + Boo)(2), 2) +&(ll2) - (9(2) = 5 - {Boo(2), 2))

N | =
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satisfies
IV®(2)|| >1 Vzwithay < ||z]| < a2
and is even. The critical points of ® and ® coincide, and since
1
IVEIzID - ((2) = 5 - {Bao(2): 2Dl <
if ¢ is sufficiently large, Lemma 3.2 can be applied to ®. In fact, V®(z) is linear

if ||z]] > aa, and obviously one can arrange things so that the inequalities (3.3)
and (3.4) are satisfied with constants v = 2 and n = %. Therefore there is an odd

pseudo-gradient vector field for ®, P(z) = L(z) + C(z), such that
P(z) = (L+ Bo)(z) if z€im(L+ By) and ||z|| < a,

P(z) = (L + Bos)(2) if ||z]| > 5,
for some positive numbers @ < (.
With no loss of generality we may assume that m = iJLr(BO, By). Let {ex}nen
be an orthogonal basis of H consisting of eigenvectors of Ly = L + By. Choose a
number n € N so large that

(5'1) ”(Boo - BO) - Qn(Boo - BO)QnH < % ’ dOOa

where @, : H — H is an orthogonal projection onto W = span{e; ; 1 < i < n},
and define a real function p: R — R

1 if t < ag,
u(t) = _;—2-t—|—2 ifas <t <2-ay,
0 ift >2-as.

Now, we can slightly modify our vector field P, putting
P(z) if ||z]] < as,
P(2) = 4 Lo(2) + p(ll2)(Bos — Bo)(2)
+ (1= p(llz]]))@n(Boo — Bo)Qn(2) if ||z = az.

Clearly P is also an odd pseudo—gradient vector field for ® . It follows from (5.1)
that

{(Lo)t} = {Lo+ (1 = t)(Boo — Bo) +t - Qn(Boo — Bo)Qn) ; 0 <t <1}

is a family of isomorphisms. Thus izo (Boo—Bo, Qn(Bso—Bo)Qr) = 0, and therefore
using properties (4.4) a. and e. we obtain

iz_o (Qn(Boo - BO)Qn) = izg (Oa Qn(Boo - BO)Qn)
=if (0, B — Bo) = i} (Bo, Bo) = m.

Let GT be the eigenspace of Lo 4+ Qn(Bs — Bo)Qp corresponding to the positive
part of the spectrum o(Lg + Qn(Boo — Bo)Qr)- It is easily seen that there is an
automorphism of the form “identity + compact”, Id + K : H — H such that the
image of GT by Id+ K is a closed subspace of H™ of codimension m. In fact, there
exists a Lipschitz continuous deformation of the identity map A : H X [az, a2+ 1] —
H such that A(-,s) is a linear automorphism of the form “identity + compact”
for az < s < as + 1 and A(-,as + 1) maps G+ onto a closed subspace of H+ of
codimension m.
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Obviously, the sets of zeroes of P and P : H — H defined by the formula P(z)
= A(P(2),||z||) coincide. Consequently, by Thm. 5.1 we see that P possesses at
least m nonzero pairs of zeroes, which implies that the number of pairs of nonzero
critical points of @ is greater than or equal to m. This completes our proof. O

Now, we assume that F* @ FY is a closed subset of Ht, where F° = kerLq.
Theorem 5.1 can be generalized in the following way.

Theorem 5.3. Let ® be an even functional satisfying the same conditions as in
Thm. 5.1 except that L+ Boo = Lo s an isomorphism. Suppose that the codimen-
sion of FT @ F° in HT is equal to f < +00. Then ® has at least f pairs of nonzero
critical points.

Proof. First of all we apply Lemma 3.2 together with Remark 3.1 in order to deal
with a pseudo—gradient vector field P for ® given in a more convenient form. Con-
sider a Cartesian product of two discs

M = Dﬂl(F+ @FO) X Dﬁz(F_)v
where 3; > 3 and (32 > 3 are chosen so large that the the set My = Dg, (FT & F°) x
Sp, (F7) is included in U (see Rem. 3.1) and the quadratic form ((L + Bwo)(2), 2)
is negative on M;. We may assume that the set of critical points of @ is included
in intM.
If n is a flow defined by Cauchy’s problem

{ @ = P,
n(0,z) = z,

then, defining the set
D={z€8,(H"); I}t>0,nt,2z) e UNIM},

we easily see that D is open in S, (H™), since 7 is continuous. Following the lines
of the proof of Lemma 5.1, one can show that the genus of the set K = S,(H™")\ D
satisfies y(K) > f 4w, where w = dimFP°. It is also clear that as long as dim kerL
< oo the function @y : M — R satisfies the Palais—Smale condition.

Let £ be a family of sets in H \ {0} which are closed in H and symmetric with
respect to the origin.

For 1 < j < f define

vi={Ae&;A={n(v(z),z); € BC K and v(B) > j+w}},

where v runs through all bounded functions from K into Ry satisfying v(z) =
v(—2z).

This family of sets possesses all the properties 1,..,4. listed just before Lemma 5.2.
Put

¢; = sup inf ®(z), 1<j<f
Aeny, 2€A

If A is any member of v; , j = 1,..., f, then obviously inf.c4 ®(z) > 0; more-
over, AN Dg(H) # (), a direct consequence of the classical Borsuk—Ulam antipodal
theorem. Thus

O0<cp<..<ea < < Hoo.

Proceeding as in the proof of Lemma 5.2, we deduce our result. O

As a consequence of the above theorem we obtain
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Theorem 5.4. Suppose that ® is even and that the number € from condition c5.
satisfies € < doy. Assume that
m = maz{i} (Bo, Boo) — 17 (Beo), i} (Bo, Boo) — i), (Beo)} > 0.

Then ® possess at least m pairs of nonzero critical points.

Proof. Using the same arguments as in the proof of Thm. 5.2, one can modify ® to
a functional @ in such a way that:

e the critical points of ® and ® coincide,

e |[V®(2) — Loo(2)|| < ¢, for sufficiently large ¢ and z € Dg(H) U Uy,
where U; is a neighborhood of the set {z € imLqo; ||z]| > £} satisfying condition
(3.6). Consequently, there is an odd pseudo-gradient vector field for ®, P(z) =
L(z)+ C(z), such that

P(z) = (L + Bo)(z) if ze€im(L+ By) and ||z|| < o,
P(z)=(L+ Bx)(z) it zeU,

where av < 3 are positive numbers.

With no loss of the generality we may assume that the set of zeroes of P is
included in Dg(H) and that m = iZ(BO,BOO) — 19 (Boo). Let {en}nen be an
orthogonal basis of H consisting of eigenvectors of Ly = L 4+ By with |le,|| = 8 for

all n € N. It is clear that e, € U; if n is sufficiently large, say n > Ny.
One can fix n € N so large that the following conditions are satisfied:

1.
(5'2) ”(Boo - BO) - Qn(Boo - BO)QnH < % “doo

where Q,, : H — H is the orthogonal projection onto W = span{e; ; 1 <i <
n}
2. The eigenspace F), of Lo+ Qyn(Boo — Bo)Q» corresponding to the part of the
spectrum p = {X € 0(Lo + Qn(Bs — Bo)Qn) ; | A[> 2 -do} is included in
Dg (H) uU.
(Observe, that Lo+ Qy (B — Bo)Qr is an approximation of Lo, = Lo+ (Beo — Bo).)
Choose an open neighborhood Us of the set {z € F, ; ||z]| > 3 + 2} satisfying
condition (3.6) and such that dist(Dg(H)U (H \ Uy),Us) > 0. Now, define an even
Cl-function p: H — [0,1],
(2) = 1 iff z€ Dg(H)U(H\ Uy),
B 0 iﬁZEUQ\D25+2(H),
and consider a new vector field P : H — H
P(Z) if z € DQ(H) U (H \ Ul),
P(2) = Lo(2) + p(2) (B = Bo)(2)
Clearly, P is an odd pseudo-gradient vector field for ®, and therefore ?_1(0) =
P~Y0) C Dg(H).
It follows from (5.2) that
i1, (B — Bo) 2 i} (Qu(Bos — Bo)Qn) — i1, (Qu(Boc — Bo)Qu)
> i} (Boo — Bo) — i1, (Boo — Bo)
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and by (4.4) d. and e. we obtain
i1, (@n(Boo = Bo)Qn) = i1, (Qn(Boe — Bo)Qn) > i} (Bo, Beo) — i, (Be) = m.

Let GT be the eigenspace of Lo+ Qy,(Bs — Bo)@y, corresponding to the positive

part of the spectrum o (Lo + Qn(Boo — Bo)Qn), and let
G® = ker(Lo + Qn(Boo — Bo)Qn).

We see from the above inequality that there is an automorphism of the form
“identity + compact”, Id + K : H — H, such that the image of Gt @ G° by
Id+ K is a closed subspace of HY @ H of codimension greater than or equal to
m. In fact, there exists a Lipschitz continuous deformation of the identity map
A:H x[8+2,8+ 3] — H such that A(-, s) is a linear automorphism of the form
“identity + compact” for 3 +2 < s < 3+ 3, and A(-, 3+ 3) maps GT & G onto a
closed subspace of Ht @ H° of codimension not less than m.

Obviously, the sets of zeroes of P and P : H — H defined by P(z) = A(P(z), ||z|))
coincide. Consequently, by Thm. 5.3 P possess at least m nonzero pairs of zeroes,
which implies that the number of pairs of nonzero critical points of ® is greater
than or equal to m. This completes our proof. O

6. ASYMPTOTICALLY LINEAR HAMILTONIAN SYSTEMS

For a Hamiltonian H € C'(R?*"N x R, R) which is 2r—periodic in ¢, consider the
Hamiltonian system of differential equations

(6.1) 2=JVH(z1)

0 —-I
I 0

We will be concerned with the existence of 2r—periodic solutions of (6.1). Let
us denote by F = H %(S L R2N) the Hilbert space of 2m—periodic, R?*N—valued
functions

where J = [ } is the standard symplectic matrix.

z(t) = ag + Z ay, - cos(kt) + by, - sin(kt), where ag, ag, by € R*",
k=1
with the inner product given by

(6.2) (z,z'):27r-ao-a£)+7r-2k-(ak-a;c—i—bk-b/k).

k=1
If [VH(z,t)|| < c1+ c2-|z]|* for every (2,t) € R?*" x R and some positive s,
then z(t) is a 2r—periodic solution of (6.1) if and only if it is a critical point of the
functional ® € C*(E, R) defined by

(6.3) D(z) = 5 - (Dz,2) + ¢(2),

N | =

where
27

27
(6.4) (Dz,z>:/0 (Tsad ad o)== [ HG o

(cf. [R]). It is also shown in [R] that the mapping V¢ is compact.
Choose eq, ... ,esn the standard basis in RV and denote

E(O) = Spa’n{elv cee 562N}7
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E(k) = span{(cos(kt)) - em + (sin(kt)) - J -em :m=1,... 2N}, ke Z—{0}.
It is seen from (6.2), (6.3) that D is a differential operator in E which is explicitly
given by

Dz = Z —J - by - cos(kt) + J - ay, - sin(kt).
k=1
So, Dz = 0if z is a constant function and Dz = £z for every z € E(+k), k > 0. Put
E® = E(0), Bt = @, E(k), E- = @, E(—k). Obviously, E = E*® E°G E-,
the spaces ET, E°, E~ are mutually orthogonal, and if z = 2t + 2+ 2~ € ET @
E%@ E—, then

(Dz,2) = ||z%||> = ||z~ ||* and Dz = 2+ — 2.
Assume that

JVH(z,t) = JAx(t)z+¥(z,1),
JVH(z,t) = JAo(t)z +o(||z]]) as [|z]| — 0,

uniformly in ¢, for continuous loops of symmetric 2N x 2N—matrices Ag(t + 27) =
Ao(t) and Aoo(t + 2m) = Awo(t) . The mapping ¥ : R*M x R — RN satisfies
ll4(z,t)|| < el|z|| + ¢ for some positive numbers ¢ , ¢ and for all (z,t) € R*¥ x R.
Consider two operators By, B : E — F,

2m
(Boz,z) = — Ao(t)z -z dt
0

(6.5)

and
27

(Booz,2) = — A (t)z - z dt.
0

Since both operators By,B, are compact, one can define the D—indices z%(BO, By)
and the D-nullity i% (Bo, Beo)-

Definition 6.1. If JVH(z,t) satisfies (6.5) with
e<min{|A|; A€ o(D+ Bx) \ {0}},

then we say that the Hamiltonian system (6.1) is the asymptotically linear. The
numbers % (By, Boo) (resp. i%(Bo, Boo)) are called the indices (resp. the nullity)
of asymptotically linear Hamiltonian system (6.1).

For our convenience we will also write i (A (t), Aoo (t)) (resp. i°(Ag(t), Auo(t)))
and i+ (A(t)) (resp. i°(A(t))) instead of i3 (Bo, Boo) (resp. i%(Bo, Bao)) and i*(B)
(resp. i°(B)).

Theorem 6.1. Suppose that the Hamiltonian system (6.1) is asymptotically linear.
Assume that H(z,t) is even with respect to z € R*N | i%(Ax(t)) =0 and

m = max{i~ (Ao(t), Ass(t)), 11 (Ao(t), A (t))} > 0.

Then, the system (6.1) has at least m pairs of nontrivial 2w —periodic solutions (in
addition to the trivial one z =0).

Proof. Since (6.1) is asymptotically linear we have
2= JVH(z,t) = J(Ao(t)z + V¥q(z,1))

with ¥y € CY(R?N x R, R), which is 27—periodic in ¢t € R, even with respect to
z € R?N and ||[VUq(z,1)| = o(||z||) uniformly in ¢ as ||z|| — 0.
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On the other hand,
2=JVH(z,t) = J(Ax(t)z + VU (2,1)),
where ¥, € CY(R*M x R, R) is 2n—periodic in t € R, even with respect to z € R?N,
and ||V (z,t)|| < e |z]| + ¢ for all (2,t) € R* x R with
e < dist({0},0(D + Bx)).

Following the general construction given at the beginning of this section, we find
that the functional ® : E — R corresponding to system (6.1) is defined by the
formula

1
®(z) = 3 (Loz, 2) + ¢o(2),
where Lo = D + By is uniquely determined by the equations

2
(Loz, 2) = (D + Bo)z, 2) = /O (=% — Ao(t)z, =)t

and .
=— [ y(zt)dt.
¢0(Z) /0 O(Z t) t

The gradient V¢q is a completely continuous odd map, and by our assumptions
IVoo(2)|| = o(l|z]]), l|1z]] — 0. Obviously, ® can be also represented in the form

1
D(2) = 3 (Looz, 2) + ¢oo(2),
where Lo, = D + B is defined by

2
(Looz,2) = (D 4+ Bx)z,2) = /0 (—J 2 —Ax(t)z, z) dt

and o
$ool2) / (2.1)

It is known that the inequality ||[VWo(z,t)|| < - | 2| + ¢ for all (z,t) € R?N x R
implies
Voo (2)[| <& - [I2] + 1

for all z € E (cf. [S], p.413).

Therefore ¢o(z2) = (Bsx — Bo)(z) + V¢oo(2), and the functional ®(z) =
2 - (Lo(2),2) + ¢o(z) satisfies all the assumptions of Theorem 5.2. Thus ® pos-
sesses at least m pairs of nonzero critical points which correspond to nontrivial
27—periodic solutions of the system (6.1). |

Let us assume for a moment that i®(Ag(t), Ao (t)) = 0. Then, by Proposition 4.2
we see that i~ (Ag(t), Aoo(t)) = —iT(Ao(t), Axo(t)), and thus we come to a result
which has been recently obtained by Fei (see Thm. 1.3. in [F1]).

Corollary 6.1. Suppose that the Hamiltonian system (6.1) is asymptotically lin-
ear. Assume that H(z,t) is even with respect to z € R2N, i%(Ag(t), A (t)) = 0
and m = | i~ (Ao(t), Aso(t)) |> 0. Then, the system (6.1) has at least m pairs of
nontrivial 2m—periodic solutions (in addition to the trivial one z =0). |

Our next theorem concerns a Hamiltonian system with resonance at infinity. It
turns out that the presence of the group action allows us to drop the assumption
that D + B, is an isomorphism.
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Theorem 6.2. Suppose that the Hamiltonian system (6.1) is asymptotically linear.
Assume additionally that H(z,t) is even with respect to z € R*N and that

m = mazx{i~ (Ao (t), A(t)) —i°(Acc(t)),iT (Ao(t), A(t)) —i°(Ass(t))} > 0.

Then the system (6.1) has at least m pairs of nontrivial 2w—periodic solutions (in
addition to the trivial one z =0).

The proof of this theorem is practically the same as the proof of Theorem 6.1.
We only need to apply Theorem 5.4 instead of Theorem 5.2.

7. REMARKS ON THE EXISTENCE THEOREMS WITHOUT SYMMETRY

In this section sufficient conditions for the existence of a nontrivial periodic
solution of a Hamiltonian system (6.1) satisfying conditions (6.5) is given. We drop
the assumption that the Hamiltonian H(z,t) is even with respect to z € R*V.
Consider a C'-functional ® : H — R of the form

1

O(2) = 5 - (L(2),2) +9(2)

satisfying conditions c1., c2., ¢3. and c5. as in Section 3. Let the space H and
the operator L : H — H be as at the beginning of Section 4., so that the L-index
and the L—nullity are defined. We begin with the following.

Theorem 7.1. Let ® be as above and assume that i (Bo, Bs) = 0.
If i (Bo, Boo) # 0 (or equivalently i} (Bo, Bo) # 0), then ® has at least one

nonzero critical point.

Proof. Assume on the contrary that the origin is the only critical point of ®. With
no loss of generality we may assume that the operator By is identically equal to
zero, so that L is an isomorphism. Similarily to the proof of Theorem 5.2 we modify
® to a functional ® : H — R of the form ®(z) = 1 (L(2), z) + ¥1(2) such that:

e the critical points of ® and ® coincide;

e V1) is completely continuous and ||V (2)|| = o(||z||) as ||z|| — 0 ;

o Vi)1(2) = B(2) + 7(2) and 7(2) is bounded.
Now, by Lemma 3.2 there is a pseudo-gradient vector field for ®, P(z) = L(z)+C/(z),
such that:

e (' : H — H is completely continuous;

o P(z)=L(2)if ||z|| £ o

* P(2) = (L+ Bu)(2) if [|2]| = 5,
for some > a > 0. One can arrange things so that ||P(z)| < 2-||[V®(2)| and
(P(2),V®(z)) > 1. |V®(2)|? for all z € H. Keeping our notation as in Section 4,
we denote by P,, : H — H an orthogonal projection onto a subspace W = @Z:o H;..
One can easily verify that for every a > 0 the inequality

(7.1) 1C(z) = PaC(2)l| < a-[|P(2)]]

holds for all z € H provided that n is sufficiently large. Choose n € N so large that

(7.1) is satisfied with a = § and

1
|Be = PuBooPall < 5 - dist({0}, (L + Bxc)).
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Clearly the vector field P(z) = L(z) + P,C(z) is locally Lipschitz continuous and
satisfies the following inequalities:

IP(2)]| <3-[[V®(2)]|
and )
(P(2),V(2)) = Ve (2)[]?

for all z € H. Thus, P is a pseudo— gradlent vector field for ®. Notice that
the restriction P of P to the space W defines a vector field on W, and by our
assumptions:

o P() = L(z) if 2] <
o P(2) = L(2) 4+ PuBxo(2) if ||2]| > 6.
Moreover, by Prop. 4.2 one has
iZ(OvBOO):iZ(OaPnBooP)_ZL‘ (0, P, Boo) # 0.

Therefore, by the classical Morse theory (applied to <I>|W) see that P(z) = 0

we
for some zp € W with a < [|z0]] < 8. Obviously, P(zy) = P(z) = 0, which is a
contradiction. O

If the functional ® is of class C? at least in some neighbourhood of zero, then
the assumption that L + By is an isomorphism can be relaxed to the assumption
that {0} is isolated in o(L + By) U{0}, and thus we are in the case where the origin
is a degenerate critical point.

Theorem 7.2. Assume that a C'—functional ® is of class C? in some neighbour-
hood of zero U C H satisfying conditions c1.,c2.,c3. and c5. If i%(Bs) = 0 and
i7 (Bo, Bss) # 0 (or equivalently i} (Bo, Boo) # 0), then ® has at least one nonzero
critical point.

Proof. Similarily to the proof of Theorem 7.1, assume that zero is the only critical
point of ®. Without loss we may assume that the operator By is equal to zero. We
modify ® to a functional ® : H — R of the form ®(z) = 2 - (L(2), 2) + ¥1(z) such
that:

e the origin is the unique critical point for P;

e &(z) = ®(z) in a disc D, = {z; ||z|| <7} C U;

o Vi1(z) = Boo(2) + 7(2) and 7(z) is bounded.
By Lemma 3.2 there exists a pseudo-gradient vector field for ®, P(z) = L(z)+C(z),
satisfying the following properties:

e (': H — H is completely continuous;

o P(2) = (L+Bx)(2) if 12 > 6

o P(2)=Vd(2) = Vd(2) if |z]| < a < 7,
for some 3 > o > 0. Note that we do not need to modify the vector field V& on
D, since ® is of C2—class and therefore V® is already locally Lipschitz continu-
ous. One can arrange things so that ||P(2)|| < 2-[|[V®(2)|| and (P(z), V®(z)) >
1 |V®(2)|? for all z € H.

Let us take 0 < s < % -« such that

(7.2) 19" (z) — L] < 5 IL#| for 2l <25,
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where L# = (L|H1)_1 : Hy — Hy. Let T > 0 be chosen in such a way that
[IP(z)|| > T unless ||z]| < s, and let n € N be so large that:

* IC(2) = PaC(2)l| < 3 - T if ||2]| < 3;

¢ || Boo = PuBooPul| < 5 - dist({0},0(L + Bx)),
where P, : H — H is an orthogonal projection onto a subspace W = @Z:o H;..
One can easily check that the vector field P : H — H, P(z) = L(z) + P,C(z), is
locally Lipschitz continuous and that

I1P(2)]| < 3-IVO(2)l|
and )
(P(), V(2)) > 1 - Vo ()]

for all z € H\ D,. Thus P is a pseudo—gradient vector field for ® outside the ball
D, and in particular we have || P(z)|| # 0 if ||z|| > s. The restriction P of P to the

space W defines a vector field on W which is pseudo—gradient for é‘w : W — R.
If i; (0, Bs) > 0 then by Prop. 4.2 d. we obtain

i1 (Boo) = i7,(0, Boo) = i, (0, PuBoo Pa) = iy (0, PaBoc) > 0.
Let us denote by m™(.), m®(.) and m~(.) the positive, the zero and the negative
Morse indices of the symmetric matrix respectively. Then
Z.Z|W(Oa PnBOO) =m (LIW) - m_(PnBoo\W)
and therefore
m- (PnBoo\W) < m_(L‘W)
Assume that i7 (0, Bs) < 0. Since i9 (Boso) = 0 we have (by Prop. 4.2 c.) that
ip(Boo) + i1 (Box) =0,
and thus m™ (P, Boojw) > m™ (Ljw)+m°(Lw ). In addition to the above, it follows
from (7.2) that
- 1 .
IV@w (2) = Liwll < 5 - Ll it Il <25,

where L#V is the inverse of the restriction of the operator L to the space @ _, Hy.

Now, applying Theorem (1.3) from [LL], we see that there exists at least one
critical point zp € W of é‘w which lies outside the ball D, and therefore P(zg) = 0.
Obviously z is also a zero of P and ||zo|| > s, which is a contradiction. |

In what follows we formulate two theorems concerning the existence of nontrivial
periodic solution of an asymptotically linear Hamiltonian system. We would like
to mention that both theorems generalize results of Li and Liu [LL] and of Szulkin
[S]. In particular we do not assume that the matrices Ay and Ao, are independent
of t.

Theorem 7.3. Assume that the Hamiltonian system (6.1) is asymptotically linear
and that i°(Ao(t), Ao (t)) = 0. If

i (Ag(t), Auo(t)) # 0 (or equivalently i™ (Ag(t), Aoo(t)) # 0)

then the system (6.1) has at least one nontrivial 2w —periodic solution (in addition
to the trivial one z =0). O
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Actually, the proof is the same as that of Thm. 6.1 except that this time we do
not care about the group action and we apply Thm. 7.1 instead of Thm. 5.2 to
obtain the right conclusion.

Remark 7.1. The methods developed here do allow us to generalize appropriate
theorems contained in [AZ1], [AZ2], [LL], [CZ], [Chl] and [S]. However, Theorem
7.3 is very close to a known result by Chang [Ch] (Thm. 1.3, p.186). Our assumption
on the behavior of VH at infinity (see (6.5)) is slightly weaker than that in [Ch],
and that is the difference between the two results.

Observe that ® € C?(H, R) whenever H(z,t) is of C*—class, and
(7:3) [1Hz2 (2, )l < anl[z]]" + a2

for some ay, as, 7 > 0 and for all (2,t) € R?*N x R.
Our next theorem is

Theorem 7.4. Suppose that H € C?*(R?*N x R, R) is 2n—periodic in t € R and
satisfies (7.3). Assume that the Hamiltonian system (6.1) is asymptotically linear
and that i°(As(t)) = 0. If

i (Ao(t), Ao (t)) # 0  ((or equivalently i™ (Ag(t), Aoo(t)) # 0),

then the system (6.1) has at least one nontrivial 2m—periodic solution (in addition
to the trivial one z =0).

Proof. Since ® is a C?—function, our theorem is a consequence of Thm. 7.2 in the
same way as Thm. 7.3 follows from Thm. 7.1. O

Remark 7.2. A similar result has been proved by Fei in [F, Thm. 1.2] with the
additional condition that both matrices Ag(t), Axo(t) are finitely degenerate (see
Def. 2.5 in [F]). In Theorem 7.4 we have also a weaker assumption on the behavior
of VH at infinity (see (6.5)).

One can still slightly relax the assumption on C?-differentiability of H. It is
enough to suppose that the Hamiltonian H € C*(R* x R, R) is C?-differentiable
with respect to the first 2NV variables in U x R, where U is some open neighborhood
of 0 € R?N. An assumption of that type has been made by Li and Liu in [LL, Thm.
3.6).
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